Abstract. Motivated by the notion of extremal vertex operator algebras, we investigate cyclic orbifolds of vertex operator algebras coming from extremal even self-dual lattices in d = 48 and d = 72. In this way we construct about one hundred new examples of holomorphic VOAs with a small number of low weight states.
Introduction
An even unimodular lattice of dimension d is called extremal if it has no non-trivial vectors with length squared shorter than 2 + 2⌊ d 24 ⌋ [MOS75] . This motivates the definition of an analogous notion for holomorphic vertex operator algebras (VOA): A holomorphic VOA of central charge c is extremal if the only states of conformal weight less than 2 + 2⌊ c 24 ⌋ are Virasoro descendants [Höh08] . There is also a physical motivation for this definition coming from AdS/CFT holography and pure gravity [Wit07] . Our goal is to construct examples which come as close as possible to these numbers. We find in fact There also exists such a VOA with c = 72 and dim V (1) = 0 , dim V (2) = 36 , dim V (3) = 408 .
A natural idea to construct an extremal VOA is of course to start with extremal lattices and construct the corresponding lattice VOAs. These, however, are still far from extremal VOAs, since the Heisenberg modes give a large number of states in V (1) and V (2) . To reduce this number of states, we want to orbifold by subgroups of automorphism group of the VOA, thereby eliminating non-invariant states in exchange for adding states from twisted modules. As we will see, in a wide range of cases this leads to a significant net reduction in the number of low weight states.
Let us briefly review the status of orbifold VOAs with a focus on holomorphic VOAs. We call a VOA V tame if it is rational, C 2 -cofinite, simple, self-contragredient and of CFT-type. The significance of these assumption is that it was proven by Huang [Hua08b] that the fusion rules for the modules of a tame VOA satisfy the Verlinde formula [Ver88] and hence that the modules form a modular tensor category [Hua08a] . A rational VOA which only has itself as an irreducible module is called holomorphic. Lattice VOAs corresponding to even, unimodular lattices are the best known class of tame, holomorphic VOAs and the one we are primarily interested in. To construct an orbifold of a VOA V , let us first pick a subgroup G of the automorphism group of V . In a first step one can construct the modules of the fixed-point VOA V G . By the combined results of [DM99, Miy15, CM16] , if G is a solvable group and V is tame, then V G is again tame. The modular tensor category V G -mod of its modules can be obtained as the module category of a twisted Drinfeld double of the group G, D ω (G)-mod. Here ω is a 3-cocycle ω ∈ H 3 (G, U (1)). This was first discussed in [RPD90] , following up on work on the operator algebra of general orbifolds [DVVV89] . Together with G, ω thus completely determines the fusion rules and the S matrices of the modular tensor category. In general V G will not be holomorphic. To construct new holomorphic VOAs, we therefore need to find holomorphic extensions of V G . That is, we want to adjoin modules to V G such that we recover a holomorphic VOA V orb(G) . The general theory of such extensions is described in [EG] . The data of a holomorphic extension is a subgroup H ≤ G such that ω| H is trivial, and a choice of 2-cocycle ψ ∈ Z 2 (H × H, U (1)) ('discrete torsion') such that ψ((h, h), (h 1 , h 2 )) = 1 and ψ((h, 1), (1, h ′ )) = ψ((1, h ′ ), (h, 1)). In this article we will concentrate on cyclic orbifolds only. This case was fully described in [vMS17a] , and one does not need to make use of the general construction described above. In particular, the characters of all modules can be obtained from the untwisted sector by modular transformations, so that we do not need to construct explicitly the twisted modules and the action of g on them. For the extension problem, we can use the results obtained in [vMS17a] which guarantee the existence of a holomorphic extension of V G under the right conditions on H, namely that it is of type 0, or (in physics language) that level-matching is satisfied.
Using this technology, we systematically investigate cyclic orbifolds of the four known extremal lattices in d = 48 and the one known extremal lattice in d = 72. In doing so we construct around a hundred new holomorphic VOAs. As stated in Theorem 1.1, we construct an example with c = 48 and dim V (1) = 0, dim V (2) = 48. This is of course no extremal VOA, but it is a vast improvement over the unorbifolded lattice VOA which has dim V (2) = 1224. For d = 72 we find an example with dim V (2) = 36 and dim V (3) = 408.
Let us note that a large number of our new VOAs have no spin-one currents, that is dim V (1) = 0. This suggests that their automorphism groups may be finite just as in the case of V ♮ . It may be interesting therefore to search for moonshine in those examples.
The bulk of our work involves computing the characters of all such orbifolds. We automatized this process by using Hecke-Schoenberg for the lattice theta functions and the fact that we were able to express all modular forms that appeared as quotients of eta functions. This reduces the computational work to computing theta functions of fixed point lattices, which we did using MAGMA [BCP97] . For both 48-and 72-dimensional lattices we could cover all but a small number of cyclic automorphism groups in the sense that we found at least one lift where this was possible. The remaining cases require computations of lattice theta functions that we were unable to complete within acceptable time.
Cyclic Orbifolds
In this section we will collect results on cyclic orbifolds, mainly from [vMS17a] and [Möl16] . For simplicity we will always assume that the VOA V is holomorphic and tame, as in the main part of this article we will only be interested in lattice VOAs corresponding to even, unimodular lattices which are indeed tame and holomorphic, even though some of the results we quote also hold under weaker assumptions on V .
Let g be an automorphism of V of order n. Then V decomposes into g-eigenspaces
where V r = {v ∈ V | gv = e( r n )v} and e(q) denotes e 2πiq .
Theorem 2.1. [DLM00, vMS17a] Up to isomorphism V possesses a unique irreducible g-twisted Vmodule V (g) and the conformal weight ρ g of V (g) lies in (1/n 2 ) Z.
Let G = g be a finite, cyclic group of automorphisms of V of order n. Then for each h ∈ G there is a representation of G φ h : G → Aut C (V (h)) on the vector space of V (h) such that
for all k ∈ G and v ∈ V and these representations are unique up to multiplication by an n-th root of unity.
where 
where o(v) = v wt(v)−1 for homogeneous v, linearly extended to V .
Note that
For later convenience we define
The function T (i, j, τ ) is also called a twisted character for the automorphism g j on the twisted module
Definition 2.2 (Type). We define the type t of an vertex operator algebra automorphism g by
The modular transformation properties of the twisted characters depend on the choice of the representations φ i . It was shown in [vMS17a] and [Möl16] that the they can chosen such that the following results hold: 
where the character Z(M ) : SL 2 (Z) → U 3 is given by
In particular, if 24 | c and v = 1 we find that
Corollary 2.4. For V and g as in the theorem above we find that
Here we denote SL 2 (Z) by Γ, and Γ(n), Γ 1 (n) and Γ 0 (n) denote the usual congruence subgroups. We now want to adjoin a suitable set of twisted modules to the fixed point algebra V G to obtain a holomorphic VOA V orb(G) . To this end let us state the central theorem allowing us to extend V G to a holomorphic VOA:
Theorem 2.5 (Cyclic orbifold [vMS17a] ). Let G = g be a finite, cyclic group of automorphisms of V of order n and type 0. Then the direct sum
admits the structure of a holomorphic, rational vertex operator algebra of CFT-Type extending V G and its irreducible modules. The vertex operator algebra V orb(G) will be called the standard orbifold of V by G.
Note that the original theorem in [vMS17a] is more general. For obtaining holomorphic VOAs, our version is general enough.
Using equation 1 we find that the character V orb(G) is given by
It follows immediately that
Proof. By Theorem 2.3, a modular transformation only permutes terms in the sum in equation (3).
In order to calculate characters it will be useful to define further modular invariants by splitting (3) into orbits under the modular group.
Theorem 2.7. For t | n define
Then C t is a modular function for Γ.
Proof. For i, j ∈ Z n and M ∈ SL 2 (Z) we have (i, j, n) = ((i, j)M, n) so that modular transformations only permute terms in the sum in equation (4).
Note that we can express the character of
Recall that according to Corollary 2.4 for t | n, T (0, t, τ ) is a modular function for Γ 1 (n/t). Then C t (τ ) is the sum of Γ 1 (n/t)-inequivalent modular images of T (0, t, τ ). As should be expected, we find that the number of terms in equation (4) is equal to the index of Γ 1 (n/t) in Γ:
In order to calculate the C t (τ ) it will be convenient to first introduce a further modular invariant
Proof. From Corollary 2.4 we know that T (0, j, τ ) invariant under Γ 1 (n/t), with t = (n, j). T (0, t, τ ) is mapped to T (0, j, τ ), with (n, j) = t by the representative * * n/t j/t ∈ Γ 1 (n/t)\Γ 0 (n/t). Furthermore
where ϕ is Euler's totient function, which follows immediately from standard result on congruence subgroups as presented, for example, in [Iwa97] . Hence {T (0, j, τ ) : (n, j) = t, j ∈ Z n } is the set of inequivalent Γ 0 (n/t)-images of T (0, t, τ ) and their sum is modular function for Γ 0 (n/t).
It follows immediately that C t (τ ) is the sum of Γ 0 (n/t)-inequivalent modular images of D t (τ ).
Corollary 2.9. It is easy to see that for a prime p a set of representatives for Γ 0 (p)\Γ is given by {id} ∪ {ST i : i = 0, . . . , p − 1}.
Lattice VOAs and their Automorphisms
3.1. Lattice VOAs. The affine Lie algebra, called the Heisenberg current algebra, associated with the complexified lattice h = L ⊗ Z C is given bŷ
with the Lie bracket defined by the linear continuation of
for x, y ∈ h,n, m ∈ Z and u ∈ĥ where we use the shorthand x(n) := x ⊗ t n . The twisted group algebra C ǫ [L] corresponding to the lattice L is spanned by the C-basis {e α } α∈L and the multiplication is defined by
We define the weight by wt(e α ) = α, α /2. The Lattice Vertex Operator Algebra V L corresponding to the lattice L is spanned by elements
with n k , . . . , n 1 ≥ 0, where we let the Heisenberg current algebra act on the vector space C as
for all w ∈ C, h ∈ h and n ∈ Z ≥0 . The weight of this element is given by
Automorphisms of Lattice Vertex Operator Algebras.
We can obtain an automorphism ν = ν h ⊗ ν ǫ of the lattice vertex operator algebra V L by lifting an automorphism ν of L. ν acts naturally on the Heisenberg current algebra to give ν h via
It can be shown thatν is an automorphism of V L if and only if ν ǫ is an automorphism of the twisted group algebra
Then ν ǫ satisfies
where u : L → C * is a function satisfying
As an immediate consequence we have the following result:
Lemma 3.1. The restriction of u to the fixed-point sublattice L ν is a homomorphism of abelian groups.
Definition 3.1. Note that
) is a 2-coboundary so that a function u : L → {±1} satisfying equation (8) always exists. The group of all lifted lattice automorphisms as above such that u : L → {±1} will be denoted by O(L). Definition 3.2 (Standard Lift). Given an automorphism ν ∈ Aut(L) the function u can always be chosen such that
such that ν ǫ (e α ) = e α for all α ∈ L ν . We call such a lift a standard lift.
If ν ǫ acts on e α as in Equation 7 then ν k ǫ acts as
The restriction of w to the fixed point lattice L ν is in particular given by
If ν ǫ is a standard lift then in general this will not be the case for ν k ǫ . In fact, we have the following result:
In other words, the restriction of
Remark. Note that
An immediate consequence of this is the following corollary on the order of lifted automorphisms: In fact, [DN99] give a complete description of all automorphisms of V L , which we can use to construct non-standard lifts. Let O(L) be as in Definition 3.1 and define
In particular, if L has no vectors of length 2 we have
Corollary 3.6. This implies in particular that all lifts ν ǫ of ν act as
for some vector β ∈ h, such that the restriction ofũ to the fixed point lattice is unity.
The automorphism e h0 is conjugate to e 1 n (
hence we may choose β ∈ h ν without loss of generality.
3.3. Characters of Twisted Modules for Lattice Vertex Operator Algebras. We can now use such an automorphismν to construct twisted modules and obtain their characters. For lattice VOAs there is in principle an explicit expression for the twisted sector V (g) and the action of G on it, so that one could obtain the trace directly. For cyclic orbifolds however we can avoid this. The idea is to use Theorem 2.3 to obtain all twisted characters from the untwisted characters T (0, j, τ ) by applying SL 2 (Z) transformations. More precisely, we can obtain the untwisted characters T (0, j, τ ) directly, and use them to obtain the D t (τ ). From this we will then be able to recover ch V orb(G) (τ ) through modular transformations. The following results will be central to this: tr
where ϑ L ν ,u (τ ) is the generalised theta function of the fixed-point sublattice L ν given by
and the Eta-quotient η ν (τ ) is given by
This follows from a straightforward computation. For a definition of the cycle type of ν, see appendix A. For the transformation properties of eta quotients, see appendix B.
For a standard lift (Definition 3.2) this clearly reduces to the familiar result
where ϑ L ν (τ ) is the ordinary theta function of the fixed-point sublattice L ν . We find the corresponding result for the automorphismν k :
with w given by equation (9). In the language of twisted trace functions for the cyclic automorphism group ν as defined in equation (2) this means
with w j defined as in equation (9) for the appropriate power.
We can now deduce the conformal weight of the unique irreducibleν-twisted V L -module 
where min(L ′ + β) is the squared length of a minimal element of L ′ + β.
Proof. Apply the S-transformation to the twisted trace T (0, 1, τ ) as defined in equation (16) and use Corollary B.5 and Theorem C.1.
We are now ready to give a general expression for D t as defined in Lemma 2.8 for lattice vertex operator algebras.
Theorem 3.9.
, Proof. Using Equation 10 and the Möbius inversion formula we have Proof. Let L be a lattice with basis {v j }, w : L → C * a homomorphism such that n is the least integer with w(α) n = 1 for all α ∈ L and w(v j ) = e 2πilj /n for some l j for all j. Then there exists a j 0 such that (l j0 , n) = 1 and for every j = j 0 we can find a κ j ∈ Z such that w(v j + κ j v j0 ) = 1. Then {v j0 } ∪ {v j + κ j v j0 : j = j 0 } is a basis of L and {nv j0 } ∪ {v j + κ j v j0 : j = j 0 } is a basis of ker(w). It follows that det(ker(w)) = n 2 det(L) and hence that the theta functions of L and ker(w) transform under the same character.
Note. Note that the K t,d will be a full rank sublattice of L ν t . This is particularly problematic when t is such that L ν t = L, as if the rank of L ν t and therefore of K t,d is large the computational cost of calculating the theta function to sufficiently high order may be prohibitive. This is the limiting factor in our computations.
Orbifolds of extremal lattices
We are interested in VOAs which come from even self-dual extremal lattices in d = 48 and d = 72. For d = 48, four such lattices are known [CS99, Neb98, Neb14] , and in d = 72 one [Neb12] . Their information is listed in table 4. As mentioned before, we are interested in extremal lattices because we want to construct VOAs with few low weight states. To do this as systematically as possible, we use the following approach. For a given lattice, we use MAGMA to first identify all conjugacy classes of cyclic groups of Aut(L) and their generators g. For each generator we then proceed on a case by case basis.
(1) In the simplest case, g and all its powers have no fixed point lattices. This turns out to be a fairly common case. In that case the only lift is the standard lift, andĝ has the same order as g. The T (0, j, τ ) are simply eta-quotients, whose SL 2 (Z) transformation properties we know from proposition B.2, so that we can obtain all T (i, j, τ ) from Theorem 2.3. We can compute the type of all orbifolds, and only keep the ones of type 0 to construct holomorphic orbifolds VOA V orb( ĝ ) .
If g has a non-trivial fixed point lattice L g , there are more options. We can still use a standard lift to obtainĝ, but in this case it can happen by Corollary 3.4 that the order ofĝ is double the order of g. Again we are looking for type 0 orbifolds. If the standard liftĝ does not have type 0, we can try to use a non-standard lift of g to obtain a VOA automorphism which does have type 0. In the cases at hand we could always find such a non-standard lift. We will discuss no-standard lifts below, and first discuss the case whereĝ and all its powers are standard lifts.
(2) If the order ofĝ is prime, and all powers ofĝ are standard lifts, then all the T (0, j, τ ) are equal to a product of an eta quotient and a (ordinary) lattice theta function and by Corollary 2.9 all the remaining twisted characters can be obtained from the T (i, 0, τ ) by applying T -transformations. In order to calculate T (i, 0, τ ) we express the S-transformation of the lattice theta function ϑ L g (τ ) in terms of the theta function of the dual lattice (L g ) ′ using the inversion formula
. Subsequent summation over Timages will only remove non-integer orders in the q-expansion of T (i, 0, τ ). See also [vMS17a] . (3) If the order ofĝ is not prime, but all powers ofĝ are standard lifts, then all the T (0, j, τ ) are equal to a product of an eta quotient and a (ordinary) lattice theta function. The theorem of Hecke-Schoenberg tells us that those lattice theta functions are modular forms of Γ 0 (N ) for some level N of some weight k, possibly with some character χ. (Alternatively we could also apply Lemma 2.8 to establish this for D t (τ ).) We can try to express these in terms of eta quotients. In all cases at hand, following the approach of Rouse and Webb [RW15] we are able to find a basis of M k (Γ 0 (n)) in terms of eta-quotients by virtue of Theorem B.4 -see table 8 for these bases. This allows us to express D t (τ ) as sums of eta quotients, so that we can read off the SL 2 (Z)-transformations. The resulting characters of orbifold VOAs constructed in (1) through (3) are listed under 'Standard lift without order doubling' in the tables below. They form indeed the majority of the cases we analysed. Next let us discuss non-standard lifts. [Neb14] . Explicit expressions for the Gram matrix and the generators of the automorphism groups were taken from [NS] (4) In the simplest case we still takeĝ to be a standard lift, but have someĝ k that are not standard, such as in the case of order doubling described in Corollary 3.4.ĝ k thus leads to generalized theta functions with phases. We can however use Theorem 3.9 to express those in terms of standard theta functions, and use Hecke-Schoenberg again just as before. We listed these cases under 'Standard lift with order doubling' in the tables below.
(5) Finally, we can consider cases where the standard lift for g does not give an orbifold of type 0.
In this case we can consider instead more general lifts of the form of Corollary 3.6. The idea is to pick a vector β, which increases the orderĝ so that the resulting orbifold becomes type 0. We were able to find at least one such β for every orbifold with a non-vanishing fixed point lattice.
Again we get generalized theta functions with phases, and use Theorem 3.9 to rewrite them in terms of standard theta functions. We listed these cases under 'Non-standard lift' in the tables below. In the following we list all holomorphic extensions that we could find. For the lattices in d = 48, this covers all cyclic orbifolds with vanishing fixed point lattice and gives one example for every cyclic orbifold with non-vanishing fixed point lattice without order doubling. We did however not systematically construct all possible lifts in those cases. For the lattice Γ 72 we list orbifolds for all cyclic groups such every element is a standard lift. Our constructions in particular give the VOAs listed in theorem 1.1. 4.2. Cyclic orbifolds for the Lattice P 48n .
Cyclic orbifolds for the Lattice
Standard lift without order doubling 1 1 Definition A.1. A cycle type C of order n is a set of pairs {(t, b t )}, such that t | n, b t ∈ Z and gcd({t}) = n. As a shorthand we will write
Let g be an automorphism of an integral lattice of order n. Then the characteristic polynomial of g has integer coefficients and its roots are n-th roots of unity. Such a polynomial is a product of cyclotomic polynomials
where Φ t is the t-th cyclotomic polynomial and n t ∈ N. Using the Möbius inversion formula
where µ is the Möbius function, we can express the characteristic polynomial of g as
bt with b t ∈ Z. From this we define the cycle type of g to be t|n t bt .
Appendix B. Eta-quotients Definition B.1. The Dedekind eta function, η(τ ), is defined by the infinite product
The modular transformation properties of the Dedekind eta-function are well known to be:
). Under elements of SL(2, Z) η(τ ) transforms as a modular form of weight 1/2 with multiplier system ϑ(γ): 
where (x, y) ≡ gcd(x, y).
Note that relation 5 implies that d is the modular inverse of a modulo c which always exists as (a, c) = 1.
Proof. Expanding the argument on both sides of equation 20 we obtain qAτ + qB Cτ + D = aατ + aβ + bγ cατ + cβ + dγ
Equating term by term and solving the resulting relations gives the above result.
Together with Theorem B.1 this proposition fully determines the modular transformation properties of the eta-quotients B.2. In particular the usual relations for the exponential hold:
Proof. The result follows immediately from t (t,k) , l (t, k) = (t, kl). Next we will show that the conditions from Theorem B.4 carry over when we take the power of a cycle type. 
Then the following result holds
Theorem C.1 (Inversion Formula, [Iwa97] ).
